In this paper we investigate the existence and multiplicity of weak quasi-periodic solutions for the second order Hamiltonian system
Introduction and main results
In this paper, we are concerned with the existence and multiplicity of weak-quasi-periodic solutions for the second order Hamiltonian system
d[P(t)u(t)] dt + ∇F t, u(t) = , t ∈ R, (.)
where u(t) = (u  (t), . . . , u N (t)) τ , N >  is an integer, F ∈ C  (R × R N , R), ∇F(t, x) = (∂F/∂x  , . . . , ∂F/∂x N ) τ , P(t) = (p ij (t)) N×N is a symmetric and continuous N × N matrix-value function on R, the symbol (·) τ stands for the transpose of a vector or a matrix.
It is well known that the variational method is a very effective tool for investigating the existence and multiplicity of various solutions of Hamiltonian system. Lots of mathematicians have constructed many important results on existence and multiplicity of periodic solutions, subharmonic solutions and homoclinic solutions (for example, see [-]). However, there are less studies on almost periodic solutions of Hamiltonian systems. We refer the reader to [-] for some known results. Very recently, in [], Kuang investigated the following second order Hamiltonian system: u(t) = ∇F t, u(t) , t ∈ R, (  .  ) and obtained two existence results of weak quasi-periodic solutions for system (.) by making use of the least action principle and the saddle point theorem, respectively.
Next, we recall some definitions.
Definition . (see []) A function u(t)
is said to be Bohr almost periodic, if for any ε > , there is a constant l ε > , such that in any interval of length l ε , there exists τ such that the inequality |u(t + τ ) -u(t)| < ε is satisfied for all t ∈ R.
Definition . (see [] ) n × m matrix-value function M(t) = (m ij (t)) n×m is almost periodic on R if m ij (t) (i = , , . . . , n, j = , , . . . , m) is Bohr almost periodic on R.
Definition . (see [] ) u ∈ C  (R × R m , R N ) is so called almost periodic in t uniformly for x ∈ R m when, for each compact subset K in R m , for each ε > , there exists l > , and for each α ∈ R, there exists τ ∈ [α, α + l] such that
Definition . (see [] ) u : R → R n is said to be quasi-periodic with m basic frequencies if there exists a function v → (v) ∈ R n which is Lipschitz continuous for v ∈ R m and periodic of period  in each of its arguments, and m real numbers ω  , . . . , ω m linearly independent over the rationals, such that
Any such choice of ω  , . . . , ω m will be called a set of basic frequencies for u(t). is also Bohr almost periodic (see [] ).
Remark . Let p >  and N >  be positive integers and {T j } p j= be rationally independent positive real constants. Assume that u j (t) ∈ C(R, R N ) (j = , , . . . , p) is T j -periodic and Lipschitz continuous on R. Define
Then it is easy to verify that u is quasi-periodic with basic frequencies  T j (j = , . . . , p). Obviously, u is also Bohr almost periodic by Remark ..
endowed with the norm
, that is, f is locally Lebesgue-integrable from R to R N . Then the mean value of f is the limit (when it exists)
A fundamental property of almost periodic functions is that such functions have convergent means, that is, the limit
The elements of the space B p (R N ) are called Besicovitch almost periodic functions.
exists, then define
we say that u, v belong to a class of equivalence.
We will identify the equivalence class u with its continuous representant
is a Hilbert space with its norm ·  and the inner product
which is a complex vector and is called a Fourier-Bohr coefficient of u. Let (u) = {λ ∈ R|a(u, λ) = }. Define
and the corresponding norm
, ] and []).
Let p >  be a positive integer and {T j } p j= be rationally independent positive real constants. Define
Then V is a linear subspace of B , (R N ) and (V, ·, · B , (R N ) ) is a Hilbert space.
In [], Kuang made the following assumptions:
loc (R), for a.e. t ∈ R and all x ∈ R N , such that
Then when (f  )-(f  ) (or (f  )-(f  ) and (f  )) hold, system (.) has at least one quasi-periodic solution.
In [], we generalize and improve Kuang's results. We first obtain three inequalities and two of them, in some sense, generalize Sobolev's inequality and Wirtinger's inequality from the periodic case to the quasi-periodic case, respectively. Then by using the least action principle and the saddle point theorem, we obtain two existence results of weak quasi-periodic solutions for the second order Hamiltonian system with a forcing term:
when (f  )-(f  ) and the following assumptions hold: such that
(E ) e is Bohr almost periodic and
), and a nonnegative function w ∈ C([, +∞), [, +∞)) with the properties:
where
Moreover, when the assumptions F(t, x) = F(t, -x) and e(t) ≡  are also made, we obtain two results on infinitely many weak quasi-periodic solutions for the second order Hamiltonian system under the subquadratic case. Inspired by [, , ] and [] , in this paper, we investigate the case that F has superquadratic growth and we obtain the following results.
Theorem . Suppose that (f  )-(f  ) and the following conditions hold:
(P) p ij (t), i, j = , , . . . , N , are Bohr almost periodic and there exists m >  such that
and for any λ ∈ R/ , u ∈ V,
uniformly for all t ∈ R;
Then system (.) has at least one nonconstant weak quasi-periodic solution in V.
Theorem . Suppose that (f  )-(f  ), (P) , (H), (H), and (H), and the following condition hold:
(H) there exist l >  and α which is Bohr almost periodic and lim T→∞
Theorem . Suppose that (f  )-(f  ), (P) , (H), (H) and the following conditions hold:
(H) lim |x|→∞
Then system (.) has infinitely many weak quasi-periodic solutions {u n } which possesses high energy in V, that is,
Theorem . Suppose that (f  )-(f  ), (P) , (H) , (H) , (H), and (H) hold. Then system (.) has infinitely many weak quasi-periodic solutions {u n } which possesses high energy in V.
Remark . In []
, it is remarkable that we did not require the condition (.). However, the condition (.) is necessary when we prove that the critical points of variational functional coincide with the solutions of system. Hence, we have to make a correction to our previous paper [] . To be precise, the restriction (.) must be added to (P) in [] .
Remark . In order to study the existence of periodic solutions of Hamiltonian systems, the following well-known (AR)-condition was introduced in []:
(AR) there exist constants μ >  and r >  such that
The (AR)-condition has been extensively used in much of the literature. In , Tao and Tang [] presented the following new condition:
In , to investigate subharmonic solutions of a class of second order Hamilton system, the author and Tang [] presented the following conditions:
which is motivated by an earlier version due to Ding [] . 
Preliminaries
In [], we presented the following two lemmas.
Next we denote
Then V =Ṽ ⊕V. For u ∈ V, u can be written as u =ū +ũ, wherē
It is easy to verify that
Thenũ ∈Ṽ. On V, we define the norm
Lemma . On V, the norm u B , (R N ) is equivalent to the norm u .
Proof Note that
Then it follows from (.) that
Thus by the Hölder inequality, we have
Moreover, by the Hölder inequality, we also have
Hence, we have
Thus we complete the proof. 
  P(t)∇u(t), ∇u(t) -F t, u(t) dt (.)
is continuously differentiable on V, and ϕ (u) is defined by
P(t)∇u(t), ∇v(t) -∇F t, u(t) , v(t) dt, (  .  ) for v ∈ V. Moreover, if u is a critical point of ϕ in V, then ∇ P(t)∇u(t) + ∇F t, u(t) = . (.)
Definition . When u satisfies (.), we say that u is a weak solution of system (.).
We shall use one linking method to obtain the critical points of ϕ (the details can be found in []). Let (E, · ) be a Banach space and let be the set of all continuous maps = (t) from E × [, ] to E such that: () () = I, the identity map.
() For each t ∈ [, ), (t) is a homeomorphism of E onto E and - (t) ∈ C(E × [, ), E).
() ()E is a single point in E and (t)A converges uniformly to ()E as t →  for each bounded set A ⊂ E. The following lemma will be used to prove our Theorem . and Theorem .. 
Let ψ(t) be a positive, nonincreasing, locally Lipschitz continuous function on [, ∞) satisfying
If we let ψ(r) =  +r , the sequence {u n } is the Cerami sequence, that is, {u n } satisfies
We will use the symmetric mountain pass theorem (see [] , Theorem .) to prove Theorem . and Theorem ..
Remark . As shown in []
, a deformation lemma can be proved with replacing the usual (PS)-condition with the (C)-condition, and it turns out that the symmetric mountain pass theorem in [] is true under the (C)-condition. We say that ϕ satisfies the (C)-condition, i.e. for every sequence {u n } ⊂ E, {u n } has a convergent subsequence if ϕ(u n ) is bounded and ( + u n ) ϕ (u n ) →  as n → ∞. 
Note that inṼ, u = ∇u  . Let = r/C * . Then it follows from (.) that, for all u ∈ V ∩ ∂B , we have u ∞ ≤ r. Hence, by (P) , (.), and (.), we obtain, for all u ∈Ṽ ∩ ∂B ,
The proof is complete.
Lemma . Assume that (P) and (H) hold. Then there exist >  and b
Proof Note that inṼ, u = ∇u  . Let = l/C * . Then it follows from (.) that, for all u ∈Ṽ ∩ ∂B , we have u ∞ ≤ l. Hence, by (P) and (H) , we see that, for all u ∈Ṽ ∩ ∂B ,
Lemma . Assume that (P) , (H), and (H) hold. Then there exists a sufficiently large positive constant such that sup A ϕ ≤ , where
Proof At first, by (H), it is easy to obtain
Obviously, w  ∈ B , (R N ). Note that, for all j ∈ {, . . . , p}, we have
Hence, for all j ∈ {, . . . , p}, we have
Moreover, the equality
and r  >  such that
Since F(t, ·) is almost periodic in t uniformly for x ∈ R N , there exists M  >  such that |F(t, x)| ≤ M  for all t ∈ R and |x| ≤ r  . Then by (.), we have
It follows from (.) and (P) that
which, together with β > P p j=
Thus (.) and (.) implies our conclusion.
Lemma . Assume that (P) , (H), and (H) hold. Then any Cerami sequence {u n } has a convergent subsequence in V.
Proof Assume that there exists a positive constant C  such that
By (H), we have
Then by (f  ), (f  ), and (.), there exists a constant C  >  such that
It follows from (.) and (.) that there exist C  >  and C  >  such that
Hence, by (.), we have
This shows that lim T→∞  T T -T |u n (t)| -ν dt is bounded. It follows from (.) and (.) that
By (P) , (f  ), (f  ), (.), (.), and (.), we have
where C  and C  are positive constants. ν <  and m > , (.), and the boundedness of 
  P(t)∇u(t), ∇u(t) -F t, u(t) dt
Note that β > P d 
. So ϕ(u) → -∞, as u → ∞. Thus we complete the proof.
Proof of Theorem . (and Theorem .) By (H), we know that ϕ is even and ϕ() = . Since (H) implies that (H), Lemma . on replacing (H) with (H) still holds. Then by Lemma . (Lemma . corresponding to Theorem .), Lemma ., Lemma ., Remark ., and the symmetric mountain pass theorem, we see that ϕ possesses an unbounded sequence of critical values. Thus we complete the proof.
